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The lattice thermal conductivity of silicon clathrate framework Si23 and two Zintl clathrates,
[Si19P4]Cl4 and Na4[Al4Si19], is investigated by using an iterative solution of the linearized Boltz-
mann transport equation (BTE) in conjuntion with ab initio lattice dynamical techniques. At 300 K,
the lattice thermal conductivities for Si23, [Si19P4]Cl4, and Na4[Al4Si19] were found to be 43 W/(m
K), 25 W/(m K), and 2 W/(m K), respectively. In the case of Na4[Al4Si19], the order-of-magnitude
reduction in the lattice thermal conductivity was found to be mostly due to relaxation times and
group velocities differing from Si23 and [Si19P4]Cl4. The difference in the relaxation times and group
velocities arises primarily due to the phonon spectrum at low frequencies, resulting eventually from
the differences in the second-order interatomic force constants (IFCs). The obtained third-order
IFCs were rather similar for all materials considered here.
I. INTRODUCTION
The minimization of the lattice thermal conductivity is
usually a desired feature when higher thermoelectric ef-
ficiency is pursued1,2. There are several different classes
of materials that appear to be promising for the ther-
moelectric applications, one example of such materials
being the Zintl clathrates, also known as semiconduct-
ing clathrates3–8. The lattice thermal conductivity of
the Zintl clathrates has been studied rather intensively
in the past two decades9–30 and several mechanisms have
been proposed to explain the reduced lattice thermal con-
ductivity values in these materials. In particular, lattice
thermal conductivity values as low as ∼ 1 W/m K at
150 K have been obtained experimentally for some sil-
icon clathrates7,16 (single crystal samples). Recent ex-
perimental and computational studies have given rise to
different points of view for the reasons behind the re-
duction of the lattice thermal conductivity in various
clathrates25,27. In Ref.25 it was concluded that the re-
duction of the lattice thermal conductivity of the Ba8Si46
clathrate is mostly due to the harmonic phonon spec-
trum, while in Ref.27 for the clathrate Ba8Ga16Ge30 the
reduction was suggested to arise mainly from rather short
relaxation times (RTs). This work brings further per-
spectives on these issues by using computational tech-
niques applied on two different types of Zintl clathrates.
In this work, we study the lattice thermal conduc-
tivity of the silicon clathrate framework Si23 (some-
times denoted as VIII or Si46-VIII) and two hypothetical
Zintl clathrate structures [Si19P4]Cl4 and Na4[Al4Si19],
obtained by adding guest atoms and framework het-
eroatoms in the Si23 structure. All the considered struc-
tures possess the same space group symmetry, which fa-
cilitates the comparative analysis of these materials since
some quantities for the materials are identical. The study
is carried out by using the Boltzmann transport equation
(BTE) approach implemented in the open source pro-
gram package ShengBTE. The harmonic phonon eigen-
values and eigenvectors used in the lattice thermal con-
ductivity calculations are obtained by using density func-
tional perturbation theory as implemented in the Quan-
tum Espresso (QE) program package. In particular, the
third-order interatomic force constants (IFCs) and quan-
tities within the harmonic approximation are analyzed
in order to understand their role in the reduction of lat-
tice thermal conductivity. The results indicate that in
the studied structures, the increased anharmonicity can
be mostly explained by harmonic quantities and rather
low lattice thermal conductivity values do not necessarily
indicate exceptionally strong third-order IFCs.
II. THEORY, COMPUTATIONAL METHODS
AND STUDIED STRUCTURES
A. Lattice dynamics
The theory of lattice dynamics discussed in this section
has been considered, for instance, in Refs.31–33. The no-
tation used here is the same as in Ref.34. In the present
approach, one assumes that the lattice Hamiltonian is of
the form
Hˆ = Hˆ0 + HˆA, (1)
where the harmonic Hamiltonian operator Hˆ0 may be
written as
Hˆ0 =
∑
λ
h¯ωλ
(
1
2
+ aˆ†λaˆλ
)
, λ ≡ qj, (2)
and the anharmonic Hamiltonian operator HˆA can be
written as
HˆA =
∑
λ
V (λ) Aˆλ +
∑
n=3
∑
λ1
· · ·
∑
λn
×V (λ1; . . . ;λn) Aˆλ1 · · · Aˆλn , λi ≡ qiji. (3)
2In Eq. 3
Aˆλ = aˆλ + aˆ
†
−λ, −λ ≡ −qj, (4)
and31
V (λ1; . . . ;λn)
=
1
n!Nn
(
h¯
2
)n/2
∆(q1 + · · ·+ qn)
[ωλ1 · · ·ωλn ]1/2
×
∑
κ1,α1
∑
l2,κ2,α2
· · ·
∑
ln,κn,αn
Φα1···αn (0κ1; l2κ2; . . . ; l
′
nκ
′
n)
×eα1 (κ1|λ1)
M
1/2
κ1
· · · eαn (κn|λn)
M
1/2
κn
ei[q2·x(l2)+···+qn·x(ln)]. (5)
In Eq. 5
Φα1···αn (l1κ1; . . . ; lnκn)
≡ ∂
nΦ
∂x′α1 (l1κ1) · · · ∂x′αn (lnκn)
∣∣∣∣
{x′(liκi)=x(liκi)}
, (6)
are the so-called nth order atomic force constants or in-
teratomic force constants (IFCs), which are derivatives
of the potential energy Φ, {αi} are Cartesian indices,
{qi} phonon wave vectors (the wave vector times 2pi),
{ji} phonon mode indices, {e (κi|λi)} phonon eigenvec-
tors, {ωλi} phonon eigenvalues, {Mκi} atomic masses of
atoms {κi} and x (lκ) = x (l) + x (κ), where x (l) is the
lattice translational vector and x (κ) the position vector
of atom κ within the unit cell. Furthermore, aˆ†λ and aˆλ
are the so-called creation and annihilation operators for
phonons, respectively.
The diagonalization of the Hamiltonian was obtained
with the following expansions for displacement and mo-
mentum
uˆα (lκ) =
(
h¯
2N2Mκ
)1/2∑
λ
ω
−1/2
λ e
iq·x(l)eα (κ|λ) Aˆλ,
(7)
pˆα (lκ) = −i
(
h¯Mκ
2N2
)1/2∑
λ
ω
1/2
λ e
iq·x(l)eα (κ|λ) Bˆλ,
(8)
where N is the number of q-points in the q-mesh and
Bˆλ = aˆλ − aˆ†−λ. (9)
The phonon eigenvectors and eigenvalues can be obtained
from the eigenvalue equation
ω2j (q) eα (κ|qj) =
∑
κ′,β
Dαβ (κκ
′|q) eβ (κ′|qj) , (10)
with
Dαβ (κκ
′|q) ≡
∑
l
Φαβ (lκ; 0κ
′)√
MκMκ′
e−iq·x(l). (11)
The components of the eigenvector e (κ|qj) are usually
chosen to satisfy the following orthonormality and closure
conditions ∑
κ,α
eα (κ|qj′) e∗α (κ|qj) = δjj′ , (12)
∑
j
eα (κ|qj) e∗β (κ′|qj) = δαβδκκ′ , (13)
where δαβ is the Kronecker delta. One may interpret
e (κ|qj) eiq·x(l) as the probability amplitude and
∣∣∣e (κ|qj) eiq·x(l)∣∣∣2 = |e (κ|qj)|2 , (14)
as the probability that the atom lκ vibrates in the phonon
mode qj35.
B. Thermal conductivity
By using the BTE approach36,37, one may write for the
lattice thermal conductivity38–41
καβ =
h¯
kBTV
∑
λ
ωλvα (λ) n¯λ (n¯λ + 1)Fβ,λ, (15)
where V is the volume of the unit cell, kB is the Boltz-
mann constant, v (λ) is the phonon group velocity and n¯λ
the equilibrium distribution function for the state λ. The
unknown term Fβ,λ is obtained by solving the iterative
equation
Fα,λ =
1
Xλ
∑
λ′
∑
λ′′
[
Γλ
′′
λλ′ (Fα,λ′′ − Fα,λ′)
+ Γλ
′λ′′
λ (Fα,λ′ + Fα,λ′′)
]
+
h¯ωλvα (λ)
TXλ
n¯λ (n¯λ + 1) , (16)
where (when only three phonon scattering is included)
Xλ ≡
∑
λ′
∑
λ′′
(
Γλ
′′
λλ′ + Γ
λ′λ′′
λ
)
. (17)
In Eqs. 16 and 17, Γλ
′λ′′
λ is the transition probability for
processes in which a phonon λ vanishes and two phonons
λ′, λ′′ are created. Accordingly, Γλ
′′
λλ′ is the transition
probability for the opposite process. The transition prob-
abilities Γλ
′′
λλ′ ,Γ
λ′λ′′
λ can be obtained, for instance, from
the golden rule or from the phonon self energy41,42. For
example, one may write (here β = 1/kBT )
∑
λ′
∑
λ′′
Γλ
′λ′′
λ =18
βpi
h¯
∑
λ′
∑
λ′′
|V (λ;λ′;λ′′)|2
× (n¯λ′ + n¯λ′′ + 1) δ [ωλ − ωλ′ − ωλ′′ ] ,
(18)
3and in a similar way for the transition rates Γλ
′′
λλ′
41,42.
In Eq. 18, the coefficients |V (λ;λ′;λ′′)|2 are given
by Eq. 5. By Eq. 5, the decrease of the mass
of the atoms κ, κ′, κ′′ relative to the third-order IFCs
Φαα′α′′ (0κ; l
′κ′; . . . ; l′′κ′′) results in larger transition
rates and shorter relaxation times (RT) in general. Also,
the decrease of the phonon eigenvalues ωλ, ωλ′ , ωλ′′ has
the same effect when other factors are fixed. These ef-
fects within the studied structures are considered in Sec.
III B. The quantity Fα,λ is related to the RT as
40
τα (λ) =
TFα,λ
h¯ωλvα (λ)
, (19)
thus Eq. 15 can be written as
καβ =
1
V
∑
λ
vα (λ) vβ (λ) cv (λ) τβ (λ) , (20)
where the heat capacity at constant volume for the
phonon state λ may be written as
cv (λ) = kBβ
2h¯2ω2λn¯λ (n¯λ + 1) . (21)
The shortcomings of the method used to calculate the
lattice thermal conductivity in this work are discussed
in Ref.34. Recently, computational studies for real mate-
rials, where the temperature dependence of the IFCs is
taken into account have been carried out43,44. This ef-
fect is neglected in the present approach and it may have
some significance on the present results.
C. Studied structures and computational details
The space group of all the studied structures is
I 4¯3m (217). The silicon clathrate framework Si23 has 23
atoms in the primitive unit cell, while the Zintl clathrates
[Si19P4]Cl4 and Na4[Al4Si19] have 27 atoms in the prim-
itive unit cell. The crystallographic body-centered cu-
bic unit cell of [Si19P4]Cl4 and Na4[Al4Si19] with 54
atoms is illustrated in Fig. 1. The parent silicon frame-
work can be considered to be composed of fused poly-
hedral cages (cavities), where the vertices correspond
to four-coordinated silicon atoms. The framework het-
eroatoms Al/P occupy the 8c Wyckoff position within the
Si framework, while the Na/Cl guest atoms are located
inside the polyhedral cages (Wyckoff position 8c)6. The
Na4[Al4Si19] and [Si19P4]Cl4 structures can be classified
as anionic and cationic clathrates, respectively46. In the
so-called anionic Zintl clathrates such as Na4[Al4Si19],
there is a charge transfer from the less electronegative
guest atoms (Na) to the framework atoms (Si-Al). In the
so-called cationic Zintl clathrates such as [Si19P4]Cl4,
there is a charge transfer from the less electronegative
framework atoms (Si-P) to the guest atoms (Cl). The
bonding within the framework can be considered to be
covalent, while the framework-guest interactions are of
ionic nature47.
FIG. 1. The crystallographic body-centered cubic unit cell
of the Zintl clathrates [Si19P4]Cl4 and Na4[Al4Si19]. The fig-
ure was prepared using the VESTA visualization program45.
(Color online)
The ab initio density functional calculations to opti-
mize the crystal structures and to calculate the phonon
eigenvalues and eigenvectors were carried out with
the Quantum Espresso program package (QE, version
5.0.3).48 Atoms were described using ultrasoft pseudopo-
tentials and plane wave basis set49. The Generalized Gra-
dient Approximation (GGA) was applied by using the
PBE exchange-correlation energy functionals50. If not
otherwise mentioned, the applied computational param-
eters and methods were similar to those used in Ref.34.
The results for the clathrate framework Si23, used here
for comparative analysis of the Zintl clathrates, were
taken from Ref.34. A (6,6,6) mesh was used for the
electronic k sampling, while the q meshes used phonon
and lattice thermal conductivity calculations were (4,4,4)
and (10,10,10), respectively. Both the lattice constants
and the atomic positions of the studied structures were
optimized by forcing the space group I 4¯3m. The op-
timized lattice constants were 10.10 A˚, 10.00 A˚, and
10.37 A˚ for Si23, [Si19P4]Cl4, and Na4[Al4Si19], respec-
tively. The non-analytic corrections to dynamical ma-
trices in the limit q → 0 were taken into account in
the QE and ShengBTE calculations. The version 1.0.2
of ShengBTE was used. In the lattice thermal conduc-
tivity calculations, three-phonon and isotopic scattering
were included. The constant scalebroad was set to 0.5
in all ShengBTE calculations41,51. For all structures,
third-order IFCs were calculated up to 6th-nearest neig-
bours using the program thirdorder.py included in the
ShengBTE distribution52. A (3, 3, 3) supercell was used
to calculate the third-order IFCs with thirdorder.py in
4all cases.
The validity of the present computational approach
was assessed in Ref.34, for instance, by comparing the
calculated lattice thermal conductivity values to the ex-
perimental ones in the case of the silicon diamond struc-
ture (d -Si). The difference between the calculated and
experimental values was about 4%-13% within the tem-
perature range 125-300 K, the smallest differences being
obtained at higher temperatures.
III. RESULTS AND DISCUSSION
A. Phonon spectrum
The calculated phonon eigenvalues (dispersion rela-
tions) along high symmetry paths for the structures Si23,
[Si19P4]Cl4 and Na4[Al4Si19] are shown in Fig. 2. The
phonon dispersions are rather similar for all structures
within the frequency range 200-500 cm−1. For frequen-
cies below 100 cm−1, Si23 and [Si19P4]Cl4 show rather
similar spectrum while the spectrum for Na4[Al4Si19] ap-
pears to be different. The differences between Si23 and
[Si19P4]Cl4 are mostly due to the Cl guest atoms within
the frequency range 100-200 cm−1 (this can be seen from
the atom projected phonon density of states considered
later in this section). The maximum frequencies of acous-
tic modes for Na4[Al4Si19] are about two times smaller
than the corresponding values in the case of Si23 and
[Si19P4]Cl4. Furthermore, the acoustic and lowest-energy
optical modes of the structure Na4[Al4Si19] show oscilla-
tory behaviour, for example, along the high symmetry
paths Γ − P and Γ − PA, while in the case of Si23 and
[Si19P4]Cl4 this behaviour seems to be absent.
According to Eqs. 10 and 12 and since both
structures with guest atoms have the same exponen-
tial factors, e−iq·x(l), difference of the dynamical ma-
trix elements {Dαβ (κκ′|q)} is due to the second-order
IFCs divided by the atomic masses Dαβ (lκ; 0κ
′) =
Φαβ (lκ; 0κ
′) /
√
MκMκ′ (Eq. 11). After one fixes the
dynamical matrix, the eigenvectors can be calculated
numerically: this and the preceding in mind one may
infer that the differences in the dispersion relations
for frequencies below 100 cm−1 indicate differences in
{Dαβ (lκ; 0κ′)} between the considered structures.
In Fig. 3, the so-called atom projected density of states
ρκ (ω) = 1/N
∑
λ |e (κ|λ)|2 δ (ω − ωλ) and the participa-
tion ratio (PR) defined as25,27,53,54
PR =
[∑
κ |e (κ|λ)|2M−1κ
]2
Na
∑
κ |e (κ|λ)|4M−2κ
, (22)
are shown to further analyze the differences in the phonon
spectrum of the studied structures. Na is the number of
atoms within the unit cell. If one considers |e (κ|λ)|2 as
the probability distribution (Sec. II A), then ρκ (ω) may
be considered as the expected value of the phonon den-
sity of states (PDOS) for each κ. It can be seen from Fig.
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FIG. 2. Phonon eigenvalues as a function of wave vector (dis-
persion relations) along high symmetry paths in the first Bril-
louin zone for Si23, [Si19P4]Cl4 and Na4[Al4Si19].
3, that the contribution of the framework heteroatoms
(Al and P) to ρκ (ω) is rather similar to that of the Si
framework atoms, when comparing all three structures.
However, some differences can be identified, for instance,
at the frequencies 3-6 THz. The guest atoms Cl and Na
mainly contribute to the phonon modes at the frequen-
cies below 5 THz. Further, for Na4[Al4Si19], there is a
relatively large contribution of Na guest atoms at 2 THz,
while an analogous contribution from the Cl guest atoms
is absent in the case of [Si19P4]Cl4.
The PR can be used to study the localization of the
phonon modes53. The modes with rather local charac-
teristics are expected to have the PR values near N−1a
(only few atoms are displaced in the mode), while the
PR values of about 1 indicate the opposite. In Si23 and
5FIG. 3. The atom projected density of states ρκ (ω) and par-
ticipation ratio for each structure. (a) Si23, (b) [Si19P4]Cl4
and (c) Na4[Al4Si19]. The participation ratio values for the
acoustic modes are drawn in red. (Color online)
[Si19P4]Cl4, the PR values for the acoustic modes are
approximately between 1 and 0.5, while for Na4[Al4Si19]
PR values as low as 0.1 are obtained and most of the
PR values for the acoustic modes are clustered between
0.1 and 0.2. This indicates that the acoustic modes of
Na4[Al4Si19] seem to have more local characteristics than
the acoustic modes in the other two structures.
To estimate the difference in the harmonic interactions,
the following mean values for the second-order IFCs are
used
D (κ) ≡ 1
9Na
∑
α,β,κ′
|Dαβ (0κ; 0κ′)| . (23)
The values D (κ) on average for the Na guest atoms are
about 25% smaller than those for the Cl guest atoms.
Also, the Al framework heteroatoms atoms show approx-
imately 21% smaller D (κ) values on average than ob-
0 100 200 30010
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FIG. 4. The calculated lattice thermal conductivity values for
the structures Si23, [Si19P4]Cl4 and Na4[Al4Si19].
tained for the P heteroatoms. Further, the Si framework
atoms have about 10% smaller D (κ) values on average in
the structures [Si19P4]Cl4 and Na4[Al4Si19] in compari-
son to the framework heteroatoms P and Al. Lastly, the
Na and Cl guest atoms have approximately five times
smaller D (κ) values on average than obtained for the
framework atoms, that is, the ratio is almost the same in
both cases.
To summarize, the framework heteroatoms and the Si
framework atoms seem to have rather similar effect on
the phonon spectrum in all the studied structures. Fur-
thermore, the Na and Cl guest atoms appear to have a
rather large effect on the phonon spectrum at the fre-
quencies below 5 THz and Na guest atoms seem to flat-
ten the acoustic phonon dispersion relations in a more
distinct manner in comparison to the Cl guest atoms.
B. Results for lattice thermal conductivity and
related quantities
The calculated thermal conductivity values as a func-
tion of temperature for all studied structures are shown
in Fig. 4. The lattice thermal conductivities for Si23
and [Si19P4]Cl4 within the temperature range 100-300 K
are 282-43 W/(m K) and 122-25 W/(m K), respectively.
Within the same temperature range, the lattice ther-
mal conductivities for Na4[Al4Si19] are approximately
6-2 W/(m K). Thus, the present results indicate that
Na4[Al4Si19] has about twenty times smaller lattice ther-
mal conductivity values in comparison to Si23 and about
ten times smaller values in comparison to [Si19P4]Cl4.
In Refs.29,30, about three times smaller lattice thermal
conductivity at 300 K were obtained for Si23 (or Si46-
VIII) by using more approximate models for the lattice
conductivity based on the linearized BTE than used in
6the present work. Further, about four times lower lat-
tice thermal conductivity at 300 K were obtained for the
clathrates Ba8Al16Si30 and Ba8Cu6Si40 in Ref.
30, than
obtained here for Na4[Al4Si19].
The lattice thermal conductivity values for each state
λ in conjunction with the RTs τ (λ), phonon phase space
P3 (λ), and quantities ξ (λ) are shown in Fig. 5. For
Na4[Al4Si19], the largest lattice thermal conductivity
contributions of acoustic modes are rather systematically
smaller than in the case of Si23 or [Si19P4]Cl4. A sim-
ilar difference can be seen between the structures Si23
and [Si19P4]Cl4. Si23 and [Si19P4]Cl4 show rather simi-
lar values for the quantity ξ (λ). As in the case of lat-
tice thermal conductivity, Na4[Al4Si19] also has a rather
different different distribution of values of the quantity
ξ (λ), the values for acoustic modes being mostly smaller
in comparison to Si23 or [Si19P4]Cl4. This is not that sur-
prising as such because the harmonic phonon spectrum
for the acoustic modes of Na4[Al4Si19] is rather differ-
ent in comparison to the other two structures (Fig. 2).
The flattening of the acoustic modes as a function of q
has (ω (λ) have smaller values for acoustic modes), for
example, the following effects on ξ (λ) at fixed temper-
ature T0: smaller values of ω (λ) increase n¯λ and thus
cv (λ). The flattening decreases the group velocity v (λ),
thus the flattening has opposite effect on v (λ) and cv (λ).
In the case of Na4[Al4Si19], the change in the harmonic
phonon spectrum seems to favor the reduced group ve-
locities more than the increase of cv (λ), resulting in the
smaller values of ξ (λ) for acoustic modes.
The RTs, shown in Fig. 5, reveal some differences
between Si23 and [Si19P4]Cl4, the former having larger
maximum values of τ (λ), in particular for acoustic
modes. This seems to be the main reason for the dif-
ferent values of lattice thermal conductivity obtained for
[Si19P4]Cl4 and Si23. The RTs for Na4[Al4Si19] are in
general smaller than obtained for [Si19P4]Cl4 and Si23.
Compared with [Si19P4]Cl4, the maximum values for
the acoustic modes of Na4[Al4Si19] are about ten times
smaller. For [Si19P4]Cl4 and Na4[Al4Si19], it appears
that the third-order coefficients V (λ;λ′;λ′′) may have
larger values than in the case of Si23.
The distribution of phonon phase space values P3 (λ) ∝
τ−1 (λ), also shown in Fig. 5, are rather different for all
structures despite the rather similar phonon spectra for
the structures Si23 and [Si19P4]Cl4. The maximum val-
ues are, perhaps surprisingly, largest for Si23. For exam-
ple, Si23 has larger P3 (λ) values for acoustic modes than
d -Si34, which probably is one of the reasons behing the
smaller lattice thermal conductivity of Si23 in compari-
son to d -Si. The maximum values of P3 (λ) are rather
similar for [Si19P4]Cl4 and Na4[Al4Si19]. However, for
Na4[Al4Si19], the P3 values for acoustic modes are more
clustered than for the other structures and there are prac-
tically no values below 0.6, while for other structures
there are rather many states with values smaller than
this. Thus, it seems that the P3 values are one the rea-
sons behind the smaller RTs obtained for Na4[Al4Si19].
In Fig. 6, the third-order IFCs as a function of distance
are shown. The following quantities are used in Fig. 6
d(0κ1; l2κ2; l3κ3)
≡ |x (κ1)− x (l2κ2)|+ |x (κ1)− x (l3κ3)| , (24)
Φ3 ≡ 1
27
∑
α1,α2,α3
|Φα1α2α3 (0κ1; l2κ2; l3κ3)| . (25)
As can be seen, the third-order IFCs of the three studied
structures do not show such large differences that could
have been expected based on the differences in the cal-
culated RTs. Therefore, it seems that the different RTs
are mostly due to the harmonic quantities included in
the anharmonic Hamiltonian and some possible reasons
for the different RTs of Na4[Al4Si19] are discussed next.
As mentioned in Sec. II B, the decrease of mass of the
atoms and the term ωλωλ′ωλ′ in general decreases the
value of the RTs. Also, as ωλ′ and ωλ′′ have smaller val-
ues, the following term (n¯λ′ + n¯λ′′ + 1) in Eq. 18 further
decreases the value of the RTs. Since the PR values for
the acoustic modes in the case of Na4[Al4Si19] are rather
small (only few atoms vibrate in a particular state), the
probabilities |e (κ|λ)|2 and thus the phonon eigenvectors
e (κ|λ) for the acoustic modes are expected to be rather
large, which in turn decreases the RTs of these modes
through the coefficients |V (λ;λ′;λ′′)|2. The exponen-
tial factors, eiqi·x(li), are identical in all structures. To-
gether with the differing P3 and smaller group velocity
values of the acoustic modes, these mentioned factors
may have some significance in explaining the smaller RT
and lattice thermal conductivity values of Na4[Al4Si19].
To summarize, the stronger anharmonicity of the struc-
ture Na4[Al4Si19] in comparison to Si23 and [Si19P4]Cl4
seems to arise mostly from the differing harmonic quan-
tities instead of the third-order IFCs.
One way to measure the anharmonicity of a struc-
ture are the so-called Gru¨neisen parameters. By us-
ing the perturbation theory, it has been shown that the
Gru¨neisen parameters can be written as55
γµν (λ) =−
3n∑
j′=4
12Vµν (0j
′)V (0j′;λ;−λ)
h¯2ω0j′ωλ
−2Vµν (λ;−λ)
h¯ωλ
, (26)
where the first term on the right hand side vanishes if
the position of every atom in the unit cell is determined
by the symmetry (no internal strain). In Eq. 26, the
coefficients like V (λ;λ′;λ′′) are given by Eq. 5 and
Vµν (λ;λ
′) =
h¯
4
∑
κ,α
∑
l′,κ′,α′
∑
l′′,κ′′
Φαα′µ (0κ; l
′κ′; l′′κ′′)
×eα (κ|λ) eα′ (κ
′|λ′)√
MκMκ′ωλωλ′
eiq
′·x(l′)xν (l
′′κ′′) .
(27)
7FIG. 5. The calculated values for each state λ as a function of phonon frequency for the structures Si23, [Si19P4]Cl4 and
Na4[Al4Si19] at 300 K. (a) The lattice thermal conductivity κ (λ) = 1/3
∑
α
καα (λ) (negative values are not shown), (b)
quantities ξ (λ) ≡ 1/ (3V )
∑
α
v2α (λ) cv (λ), (c) relaxation times τ (λ) ≡ 1/3
∑
α
τα (λ) (negative values are not shown) and
(d) phonon phase space P3 (λ). For all quantities, the acoustic modes are drawn in red and the optical modes in black. The
reported P3 (λ) values are unitless relative values obtained from P3 (λ) /max
{
P3 (λ)|Si23
}
. (Color online)
The Gru¨neisen parameters can also be written as
γµν (λ) = − 1
ωλ
∂ωλ
∂ηµν
, (28)
and furthermore, in the case of cubic crystals
1
3
γµµ (λ) = − V
ωλ
∂ωλ
∂V
≡ γ (λ) . (29)
When the phonon-phonon interaction is approximated in
8FIG. 6. The calculated third-order IFCs for Si23, [Si19P4]Cl4
and Na4[Al4Si19]. Here, d (0κ1; l2κ2; l3κ3) and Φ3 are given
by Eqs. 24 and 25.
the so-called continuum theory, it has been shown that
the square of the (averaged) Gru¨neisen parameter is in-
versely proportional to the mean free path and thus the
lifetime of phonons36.
The Gru¨neisen parameters are sometimes used for
calculating the thermal expansion of materials. There
is some evidence that, for instance, crystalline materi-
als which have negative thermal expansion (NTE) over
rather wide temperature ranges can have relatively low
lattice thermal conductivity values56,57 (measured for
polycrystalline samples, however). This behaviour of
NTE materials would be rather logical since, as men-
tioned, in the continuum theory τ ∝ γ−2 (τ and γ
are some average values) and within the so-called quasi-
harmonic approximation (QHA), the coefficient of ther-
mal expansion (CTE) can be written as (see for exam-
ple Refs.58) αµ1ν1 =
∑
µ2,ν2
∑
λ s
T
µ1ν1µ2ν2cv (λ) γµ1ν1 (λ),
where sTµ1ν1µ2ν2 is the isothermal second-order compli-
ance tensor, inverse to the isothermal second-order elas-
tic constant cTµ1ν1µ2ν2 . That is, the γµν (λ) are usually
FIG. 7. The calculated Gru¨neisen parameter values for Si23,
[Si19P4]Cl4 and Na4[Al4Si19]. The acoustic modes are shown
in red and the optical modes in black. (Color online)
expected to have relatively large absolute values for ma-
terials which have rather large absolute value of the CTE.
There is some evidence that the silicon clathrate frame-
work VII possesses rather unusual NTE behavior, while
Si23 (or VIII), for instance, has CTE that is rather similar
to d -Si59.
The calculated Gru¨neisen parameter values γ (λ) as a
function of frequency for each structure are shown in Fig.
7. For acoustic modes, the distribution of γ (λ) values in
the case of Si23 and [Si19P4]Cl4 is rather similar, while for
Na4[Al4Si19] fairly different result is obtained. Compared
with Na4[Al4Si19], the maximum values of γ (λ) are about
eight times smaller in the case of Si23 and [Si19P4]Cl4.
For Na4[Al4Si19], the lowest-energy optical modes have
about three times larger Gru¨neisen parameter values in
comparison to [Si19P4]Cl4. For Si23, the Gru¨neisen pa-
rameter results are similar to those obtained in Refs.59
and29.
9FIG. 8. The calculated RTs and the corresponding Gru¨neisen
parameter values for each state λ in Na4[Al4Si19]. The acous-
tic modes are shown in red and the optical modes in black.
(Color online)
To study the relationship between the RTs and
Gru¨neisen parameters, these quantities are depicted in
Fig. 8 for Na4[Al4Si19]. For the acoustic modes, when
γ (λ) ≥ 2, the maximum τ (λ) values are approximately
2×10−12 s, which is about one order of magnitude smaller
than the largest values obtained. Thus, these modes have
a rather small contribution to the lattice thermal conduc-
tivity. The smallest τ (λ) values for the acoustic modes
are obtained when the Gru¨neisen parameters have val-
ues between 3 and 4. The relationship shown in Fig. 8
indicates that in some cases, there can be a connection
between the relatively large absolute values of CTE and
rather low lattice thermal conductivities.
As already mentioned in Sec. I, several mechanisms
have been proposed to explain the rather small lat-
tice thermal conductivity of various Zintl clathrates.
In Ref.17, for instance, it was concluded for the
Ba8Ga16Ge30 clathrate based on inelastic neutron scat-
tering data that the reduction of the lattice thermal con-
ductivity is mostly due to the flattening of the phonon
dispersion relations caused by the guest atoms instead
the shorter RTs of the phonons. In Ref.25, inelastic x-
ray scattering and ab initio lattice dynamical studies
on the Ba8Si46 clathrate resulted in the conclusion that
the reduction of the lattice thermal conductivity follows
from the changes in the harmonic spectrum induced by
the guest-framework interactions and that the reduced
RTs have a rather small significance. In contrast, in an
ab initio lattice dynamical study for the Ba8Ga16Ge30
clathrate27, the largest reduction in the lattice thermal
conductivity was suggested to arise from the smaller RT
values, while the reduction of the phonon group veloci-
ties was found to have a smaller effect (the BTE was not
solved iteratively, but within the single-mode relaxation
time approximation).
The present results show similarities with the results
obtained in Ref.27 for the Ba8Ga16Ge30 clathrate and
in Ref.60 for the YbFe4Sb12 skutterudite. In the case
of YbFe4Sb12,
60 it was summarized that the increased
phonon scattering is due to the differing phonon phase
space, third-order IFCs having rather marginal effect on
the reduction of the lattice thermal conductivity. The re-
sults of the present work show that for materials with rel-
atively similar third-order IFCs, there can be rather sig-
nificant changes in anharmonicity and in the lattice ther-
mal conductivity values, which essentially follow from the
differing second-order IFCs. To sum up some central
findings of the present work: in the case of Na4[Al4Si19],
the second-order IFCs seem to produce the harmonic
phonon spectrum such that three-phonon phase space fa-
vors the phonon scattering and the phonon eigenvectors
e (κ|λ) have rather large values for phonons of smallest
frequencies (localization). These effects facilitate the re-
duction of RTs and phonon group velocities, which in
turn leads to the reduced lattice thermal conductivity
values. The hypothetical structures studied here pos-
sess rather high symmetry (symmetry is forced in the
calculation) and it is probable that possible structural
disorder decreases the lattice thermal conductivity even
further61,62.
IV. CONCLUSIONS
The lattice thermal conductivity of the silicon
clathrate framework Si23 and two Zintl clathrates,
[Si19P4]Cl4 and Na4[Al4Si19], was investigated by using
ab initio lattice dynamics together with an iterative so-
lution of the linearized BTE. The lattice thermal con-
ductivity of the structure Na4[Al4Si19] was found to be
about one order of magnitude lower at 300 K in compar-
ison to the other two materials studied here. The lower
lattice thermal conductivity of Na4[Al4Si19] is mostly
due to lower relaxation times and phonon group veloc-
ities, which differ from Si23 and [Si19P4]Cl4 largely due
second-order IFCs. Furthermore, it appears that the an-
harmonicity of two similar crystalline materials can be
rather different from one another mostly because of dif-
fering second-order IFCs. The present results may shed
light on the understanding about the lattice thermal con-
ductivity of clathrates and skutterudites, for example,
which can give further guidance for the discovery of more
efficient thermoelectric materials.
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